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Kirk and Klassen prove this theorem by showing that the only difference between the differential forms integrated to give these two invariants occurs in a collar of the boundary ofN, and then doing an explicit calculation on this collar. For more details on this background material see [1] , [2] and [5] .
The Seifert fibered case
We will start our computations with Seifert fiber spaces because they well illustrate and motivate the techniques we use throughout. A Seifert fiber space should be thought of as an S 1 bundle over a surface with singularities. Our method of attack will be the same for all of the computations we do. We will replace a given manifold by a more complicated manifold in order to increase the size of the representation space. Once the representation space is large enough, we will be able to compute the Chern-Simons invariant of the original representation from the Chern-Simons invariant of a simpler representation on the new manifold.
The Poincare homology sphere is a Seifert fiber space lying over the sphere with three singularities. This is, in a sense, the hardest case we will encounter. Up to conjugation, it has exactly three representations into Sp x : the trivial one and two irreducible ones. The fundamental group of the Poincare homology sphere is rr^M) = <Q 1 
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The corresponding representation space has no deformations, so we will construct a cobordism to a new manifold in this case or in any other case where there are not enough deformations.
In order to understand the cobordism we construct, we will first look at the base orbifold of the Seifert fiber space. Take the base orbifold times the interval and glue on a solid Klein bottle by adjoining along a disc in the boundary. See Figure 1 . Visualize the cobordism that we are about to construct as this picture times S 1 This is useful in computing the Chern-Simons invariants of the irreducible representations. Suppose that H is not sent to + 1 by one of these representations. Then there is a unique great circle going through the image of H and 1. Since each of the Q t commutes with H, their images would all lie on this same great circle, implying that the representation is reducible. Let a be an irreducible representation on the Poincare homology sphere; then a can be extended to a representation a.' on M' by sending A and B to 1 because H is sent to ± 1. These two representations are flat cobordant, so they have the same Chern-Simons invariant. The second representation may be deformed to a reducible one whose Chern-Simons invariant may be computed with Kirk and Klassen's theorem.
Topological methods to compute Chern-Simons invariants
We are now ready to compute the Chern-Simons invariants of all Seifert fiber spaces. We will display a list of representations such that any representation of the fundamental group of a Seifert fiber space is in the path component of one of the representations in our list. Let M be a Seifert fiber space with orientable base, then 
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For more discussion of these representations see [1] . Now we compute the Chern-Simons invariants of these representations. 
This completes the proof when g ^ 1. When the base is non-orientable the proof is exactly the same. If the base orbifold has genus 0, we will construct a flat cobordism to a representation on a Seifert fiber space with non-orientable base; we described this cobordism in the discussion preceding this theorem. I In the previous theorem we see that the Chern-Simons invariants do not depend on the genus of the base orbifold. This is true geometrically, because by using this one cobordism, we may add as many Klein bottles to the base orbifold as we like without changing the Chern-Simons invariants. The formula for the remaining representations is similar and is given in the following theorem. 
Since /i t = exp {2nia i (t)} and A } = exp{27refy(<)}, applying Kirk and Klassen's theorem gives the result.
Component defined representations
In this section, we give a method for computing the Chern-Simons invariants for what we will call component defined representations. We will see that any reducible representation and many other representations are component defined. It will also follow that the Chern-Simons invariant of any component defined representation will be rational.
In order to define component defined representations, we need a description of the fundamental group of a 3-manifold.
Any 3-manifold can be described as surgery on a link. There is a standard procedure for describing the fundamental group of a 3-manifold given as surgery on a link [7] . The first step is to take a regular projection of the link such that the self linking number of each component agrees with the framing used in the surgery. That is, the surgery framing should be the blackboard framing. The second step is to orient the plane and each component of the link. A presentation for the fundamental group of the manifold is now given by associating one generator to each arc in the projection and relations for every crossing and every component. The relation associated to a crossing is constructed by following a small oriented circle around the crossing. Each time a strand is crossed, that generator is put down to the + 1 power according to the orientation. The relation associated to a component is constructed in the same way except the component itself should be followed, and a crossing should only count when it is travelled underneath. As an example consider the manifold depicted in Figure 2 ; call it M.
Component defined representations form a large class of representations. Redraw and orient this link as in Figure 3 .
Then,
The relation corresponding to the knotted component is wzuxy 1 . The relation corresponding to the unknotted component is tv, and the rest of the relations come from crossings. This called the Wirtinger presentation of the fundamental group. It is not possible to determine that a representation is not component defined from just one surgery description. As an example, consider the manifold depicted in Figure 4 .
The Wirtinger relation coming from the one component in this picture is
If a representation is component defined with respect to this surgery description, each of the x t maps to the same element, say a, so the component relation is a = 1. This implies that the only component defined representation with respect to this specific surgery description is trivial, but that does not mean that the trivial representation is the only component defined representation on this manifold. This manifold is the Poincare homology sphere. Another surgery description of it is shown in Figure 5 , and any representation is component defined with respect to this surgery description. It is apparent from Figure 5 that the Poincare homology sphere is what we call a tree manifold, i.e. a manifold which has a surgery graph which is a tree. Any 3-manifold may be expressed as surgery on a link whose components are unknotted such that any pair of components is either unlinked or the Hopf link. This link may also be chosen to have the property that if any one component is unlinked from each member of a set of components, then that component is unlinked from that set of components. From such a link, we may construct a graph with one vertex for each component and edges between any two components which link. We will call such a graph a surgery graph for the manifold. When the surgery graph is a tree, every representation is component defined. To see why, consider Figure 6 . Now that we have many examples of component defined representations, it is time to describe how to compute the Chern-Simons invariant of a component defined representation. By using a surgery description of the flat cobordism used in the Seifert fiber space section, we will be able to replace component defined representations with reducible representations in our computations. Surgery is a way of describing a handlebody structure by looking just at the boundary. For more information on surgery and handle-body decompositions see [3] , [4] and [7] . We will use two basic surgery descriptions in what follows. The first is the addition of a 1-handle to a 4-manifold with boundary. The space constructed by adding a 1-handle to the 4-disc is
. There are two ways that S° x D 3 may be mapped into 3D
4 , but only one will create an orientable manifold. We have drawn a 2-dimensional analog of this in Figure 7 .
We will draw the S° xD 3 in 3D 4 to denote this handle structure. See Figure 8 . This W is an S 1 x D 3 and its boundary is an S 1 x <S 2 . A typical S 1 fiber is drawn as a dotted line (which should be imagined going over the handle) in Figure 8 , and as dots in Figure 7 .
The second surgery description is the addition of a 2-handle to a 4-manifold with boundary. There are many ways in which a 2-handle may be added to a 4-disc,
. We will specify a specific one by drawing a framed knot in S 3 = 3D* c+D* to represent the image of S 1 xD 2 . In Figure 9 we have one of the simplest framed knots possible.
The 4-manifold created by adding a 2-handle along this framed knot isD 2 x S 2 . The boundary is an S 1 x S 2 , and an S 1 fiber is drawn as a dotted line. Since the boundaries of these two manifolds are the same, we see that we can exchange a 1-handle for a O-framed 2-handle without changing the boundary.
We are now ready to construct a handlebody decomposition of V, the manifold used to construct the flat cobordism in the Seifert fiber space section. In Figure 10 , we demonstrate how to build a Klein bottle with a handlebody decomposition.
The manifold V is the disc bundle over the Klein bottle with an orientable total space and second Stiefel-Witney class equal to zero. The handle-body decomposition for V is essentially the decomposition for the Klein bottle times D 2 . We show it in Figure 11 .
We can get a surgery description for the boundary of V by exchanging the 1-handles for 0-framed 2-handles. See Figure 12 . We can describe any representation on any 3-manifold by drawing a surgery picture of the manifold and labelling each strand with the element of Spj in the image of the corresponding Wirtinger generator. If we start with S 2 x S 1 and construct the cobordism W = (S 2 xS 1 xl) U s i XD^ V, we will have a flat cobordism between the two representations shown with blackboard framing in Figure 13 .
The cobordism may be constructed even when there are additional surgeries on the S 2 xS 1 . Thus, we may replace any 0-framed unknot with an 0-framed unknot with two more components without changing the Chern-Simons invariant. By a sequence of Kirby moves, any component of a framed link may be unknotted and zero framed. This means that any strand in a surgery picture may be replaced by a strand with two loops wrapped around it, without changing the Chern-Simons invariant. We show a picture of this move in Figure 14 .
The method we have in mind for computing Chern-Simons invariants would be to use a sequence of Kirby moves and flat cobordism moves to reduce the problem to one where Kirk and Klassen's theorem applies. The Chern-Simons invariants of the Poincare homology sphere can be found in this way. A picture of a representation with the Sp! labels missing is shown in Figure 4 . A sequence of Kirby moves will make this look like Figure 5. A cobordism move will then transform it into Figure 15 . The representation is now in the path component of a reducible representation, so Kirk and Klassen's theorem may be used to compute its Chern-Simons invariant.
We will now show that this method will work for any component denned representation. Proof. Let a: 7T X (ikfJ-^-Spj be component defined, and pick a framed link L representing M so that a is component defined with respect to L. If every component of L is sent to + 1 , we are done. Otherwise pick a component which is not sent to +1 and conjugate the whole representation until that component is complex. Now label all complex valued components with a 1. Next pick any unlabelled component and label every component with which it commutes, with a 2. Keep repeating this process with unlabelled components and higher labels until all components have been labelled. Apply the flat cobordism move to every component which has more than one label and extend the representation to send each of the new components to 1. It is this new representation that we will show to be in the path component of a reducible one. We will proceed by induction on the labels. Assume that the representation is in the path component of a representation a n which takes all components which have a label less than n + 1 to a complex number. Pick a path g: [0, lj-^-Spj, so that g 0 = 1 and any component labelled with a n n + 1 would be conjugated into the complexes by g 1 . We will determine a path of representations from a n to a representation a n+1 which sends all components labelled less than n + 2 to a complex number. Let y t : n 1 
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when x(i,j) is not labeled n + 1
otherwise. When two components cross, the crossing relation is that the components commute. If neither component is labeled n + 1, y t is the same as <x n so the relation will hold. If both components are labeled n +1, they will both be conjugated by the same thing so they will still both commute. If the components are labelled differently, one of the components will have more than one label and will therefore be set to ± 1, but ± 1 commutes with everything. The surgery relation coming from any component with only one label only has generators with that label in it, so all of the generators in that relation will be conjugated by the same thing, and the relation will still hold. If a component has more than one label, we apply the cobordism move to it. This changes the surgery relation to r.A With a little linear algebra we can see that these invariants will always be rational numbers. 
Examples and graph manifolds
Consider the representation shown in Figure 16 as examples of these theorems. We have underlined the framings to keep them separate from the Sp x labels. Let a; = i, y = zcos P +7sin --, and z = cos -+&sin -
It is easy to check that these are representations, and that these representations are flat cobordant to the representations in Figure 17 . (In Figure 17 we have suppressed all of the framings.) The extensions of the representations in Figure 16 In order for the representations to be completely determined, and in order to compute the Chern-Simons invariants, we need to specify some orientations. To orient the Wirtinger generators, pick the usual orientation in the projection plane and orient all of the components counter-clockwise. These 3-manifolds all inherit orientations from the usual right hand orientation of U 3 . We can now compute the Chern-Simons invariants with Kirk and Klassen's theorem. First, remove the Fig. 18.   components labelled x, y, and z, to get a x (t) = \t, b x (t) = t, a y (t) = \t, b y (t) = t, a z {t) = (l/p)t and b z (t) = t. Finally,
Thurston has shown that the link in Figure 16 is hyperbolic and therefore all but finitely many of these manifolds are hyperbolic [8] .
We will consider graph manifolds for our next example. Almost all representations on graph manifolds are component defined. The representations which are not obviously component defined are close enough to component defined representations that the same techniques still apply. Before we can define a graph manifold we need to discuss plumbing (see [6] ).
Plumbing is a way of gluing disc bundles together. Let E 1 -*-F 1 Figure 18 . A septic system is a connected graph with a disc bundle at each of the vertices where the disc bundles are plumed together whenever there is an edge between them. A graph manifold is the boundary of a septic system.
The fundamental group of a graph manifold may be computed with Van Kampen's theorem, if we describe the graph manifold as a union of pieces. The manifold is composed of an S 1 bundle over a surface with boundary at each vertex, say M k , and these S 1 bundles are joined whenever there is an edge between them. To compute the fundamental group, let T c G be a maximal tree and let E = be a free group. Then if | there is an edge from m t to m 3 
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A where l k n is an edge between M k and M n , the fundamental group of the graph manifold will be
We need surgery descriptions of these manifolds to compute their Chern-Simons invariants. In the same way in which we constructed a surgery description of V, we can construct surgery descriptions of any disc bundle over any surface. As an example in Figure 19 , we can give a surgery description for the Euler-class three circle bundle over a surface of genus two. The dotted circles represent typical fibers in these surgery descriptions. The graph manifold obtained from plumbing two disc bundles together may be obtained by cutting out a tubular neighbourhood of a regular fiber in each S 1 bundle and identifying the corresponding boundaries. It is easy to construct surgery descriptions of this type of graph manifold. We give an example in Figure 20 .
Topological methods to compute Chern-Simons invariants
This generalizes to any graph manifold whose underlying graph is a tree, but it takes a bit more work when the graph is not a tree. Before describing the surgery picture of a general graph manifold, we need to give a surgery description of the boundary of the manifold obtained by identifying two unknotted, unlinked solid tori in S 3 c Z) 4 . This manifold is the boundary of the 4-manifold D* U s^D'xaD 1 S 1 X-D 3 -As depicted in Figure 21 , S 1 xD s is the union of a 1-handle and a 2-handle.
To get a surgery description of an arbitrary graph manifold, we will begin with a surgery description for a manifold corresponding to a maximal tree and modify it to reflect the pluming from the other edges. As an example, consider the graph manifold indicated in Figure 22 .
A surgery description of the manifold associated to the maximal tree is given in Figure 23 . To get the graph manifold, we only need to cut out tubular neighborhoods of the dotted circles and identify the boundaries in the appropriate way.
Notice that just identifying tubular neighborhoods of the dotted circles and looking at the boundary will not give us what we want because the fibers will be identified. We want these identifications turned sideways. If we cut out a tubular neighborhood of the dotted circle on the left, turn it sideways and glue it back in (i.e. perform 0-framed surgery on it), then identifying it with the solid torus on the right would give us the graph manifold in question. Thus, the boundary of the 4-manifold created by identifying the dotted solid tori in Figure 24 is the graph manifold in figure 22. By using the surgery description in Figure 21 with the 1-handle replaced by a 0-framed 2-handle, we will get a surgery description of the graph manifold. See Figure 25 . This surgery description may be simplified with Kirby moves to the framed link in Figure 26 .
This picture generalizes in the obvious way for any graph manifold. Namely, to get a surgery description of an arbitrary graph manifold, draw the standard surgery picture for each disc bundle with two linked together when there is an edge between them, and add one 0-framed 2-handle around each edge that is not in the maximal tree.
We are now ready to compute the Chern-Simons invariants of graph manifolds. The method used for component defined representations works just as well here. First, label the vertices of the graph according to which great circle in Sp x contains the image of the fiber from that vertex. After a possible flat cobordism, we can Two manifolds with boundary which are closely related toil/ are shown in Figure 28 . These are the manifolds created by doing the surgeries indicated on the framed components and subtracting the interior of a tubular neighborhood of the unframed components. We compute and i) = {t,u,v\ [t,u] , [v,u] The union ofikf x andM 2 along this T 2 isM. This decomposition will help us compute the Chern-Simons invariants of M.
Let a: n^M) -> Sp x . If a(pr -1 ) and <x(t~^ v) are not equal to + 1, a will be reducible, so we can compute its Chern-Simons invariant. Otherwise, assume that a(pr~l) -± 1, since the case when <x{t~xv) = + 1 is similar. When a{pr^) = ± 1, we will construct a flat cobordism from a to a component defined representation. To do this, letiVbe the manifold depicted in Figure 29 2 . Figure 30 shows The representation a. onM extends to a representation /? on W by choosing /3(y) and /?(z) so that \fi{y),fi{z)\ = a^t), and letting
The representation /? induces representations a x and a 2 on M\ and ilfg respectively. From the cobordism W we can see that cs(a) = 0,5(04)+ cs(a 2 ), but a l and a 2 are component defined so we can compute cs(aj) and cs(ot 2 ).
Conclusion
In this paper, we have used several ad hoc topological techniques to compute Chern-Simons invariants. These examples leave open several interesting questions. We know very little about flat cobordism. The Chern-Simons invariant shows that there are infinitely many distinct flat cobordism classes, but there is no known example of a representation which is not flat cobordant to a representation on a connected sum of lens spaces.
Question. Is every representation flat cobordant to one on a connected sum of lens spaces ?
There are many different flat cobordisms. Besides the ones we used in our computations, there is one for each non-orientable 3-manifold constructed as follows: Let N be any closed non-orientable 3-manifold, and N x / be the orientable / bundle overi\f, then W = (M xl) U s i XD 2(NxI) will be a flat cobordism when the embeddings of S 1 xD 2 are properly chosen. In addition, a 2-handle may be added to any circle in the kernel of the representation and 1-handles may be added almost at will. All of these flat cobordisms translate into moves which change the framed link but do not change the Chern-Simons invariant.
Question. Does there exist a collection of moves which would be sufficient to compute the Chern-Simons invariants of any 3-manifold ?
Finally, since none of these examples have irrational Chern-Simons invariant, we ask:
Question. Are all Chern-Simons invariants rational ?
